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Addendum to: Heterogeneity Coeﬃcients for Mahalanobis’ D as a Multivariate
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ABSTRACT

In a previous paper (Del Giudice, 2017 [Heterogeneity coefficients for Mahalanobis’ D as a multivariate
effect size. Multivariate Behavioral Research, 52, 216–221]), I proposed two heterogeneity coefficients
for Mahalanobis’ D based on the Gini coefficient, labeled H and EPV. In this addendum I discuss
the limitations of the original approach and note that the proposed indices may overestimate
heterogeneity under certain conditions. I then describe two revised indices H2 and EPV2 , and illustrate
the difference between the original and revised indices with some real-world data sets.

Multivariate effect sizes such as Mahalanobis’ D raise the
issue of heterogeneity in the contributions of individual
variables to the overall effect. In Del Giudice (2017)
I proposed a strategy to quantify heterogeneity: first,
partition D2 into a set of non-negative values that reflect
the contributions of individual variables; second, apply
the small-sample Gini formula to those values to obtain
a heterogeneity coefficient ranging between 0 and 1. The
critical step in this strategy is finding a suitable partition
of D2 . In Del Giudice (2017) I used a simple approach to
partition the multivariate D2 into a weighted sum of the
squared univariate effects (di2 ). The resulting Ci values
have two desirable properties. First, Ci = 0 if removing
variable Xi from the set leaves D unchanged. For two
variables X1 , X2 with correlation r and effect sizes d1 , d2
(the case I will use for illustration here):
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It follows that C1 = 0 when d1 = rd2 , which is appropriate since in this case D2 = (C1 + C2 ) = d22 . Conversely,
C2 = 0 when d2 = rd1 , and D2 = d12 . Second, when two
highly correlated variables Xi and X j are both in the set,
their joint contribution is split between Ci and C j , and is
not partialed out as it would happen with methods for
quantifying the contribution of individual variables that
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proceed by removing one variable at a time (e.g., Rencher,
1993).
In the original paper, I suggested that Ci values can be
interpreted as “net contributions” to D2 . This is incorrect:
Ci values can be negative, even though D2 never decreases
when more variables are added to the set. The fact that
Ci values can be negative also makes them unsuitable for
calculating the standard Gini coefficient. In Del Giudice
(2017), I proposed an ad-hoc solution to this problem,
namely, setting negative Ci values to zero and using the
resulting Ci∗ values to calculate two Gini-based heterogeneity coefficients, H and EPV. However, this approach
is not ideal, because a negative Ci value still reflects a
positive contribution of Xi to D (that is, D decreases if Xi
is removed from the set). To illustrate, in the two-variable
case with r > 0, negative values Ci < 0 occur whenever
0 < di < rd j ; it is easy to show that under the same
conditions D2 = (Ci + C j ) > d 2j , which implies that Xi
makes a positive contribution to D. Negative Ci values
are more likely to occur when di is small relative to d j
and the two variables are strongly correlated. In sum,
setting negative Ci values to zero is an overly conservative
approach—it tends to underestimate the contribution
of some variables to D, and hence overestimate the
amount of heterogeneity. The resulting distortion tends
to become larger as collinearity among the variables
increases.
A better solution to the problem of negative Ci values is to use the ordered absolute values |C1 | . . . |Cn |
(where |C1 | < |C2 | . . . < |Cn |, and |C|is their average) to
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Figure . Behavior of heterogeneity coeﬃcients H and H in the case of two positively correlated variables. (In the example shown, d1 = 1.0
and r = .5; the qualitative pattern does not depend on the choice of values.) The dotted line shows the original H coeﬃcient. The solid line
shows the revised H coeﬃcient discussed here. For both coeﬃcients, heterogeneity is minimal when d2 = ±d1 (in this example, d2 = ±1)
and maximal when d2 = 0, when d2 = rd1 (in this example, d2 = 0.5), and when d2 = d1 /r (in this example, d2 = 2).

calculate heterogeneity. To avoid confusion, the resulting
coefficients can be labeled as H2 and EPV2 :
#
#
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Figure 1 illustrates the behavior of H and H2 in the
two-variable case (with r, d1 > 0). For both 0 < d2 <
rd1 and d2 > d1 /r (equivalent to 0 < d1 < rd2 ), coefficient H remains equal to 1 (maximum heterogeneity,
wrongly indicating that only one variable contributes to
D), whereas H2 correctly decreases to reflect the nonzero
contributions of d2 and d1 , respectively.
To illustrate the difference between H and H2 with
some real-world examples, consider the empirical data
sets analyzed in Del Giudice (2017). For the aggression
data set from Del Giudice (2009), using H or H2 makes no
difference because there are no negative Ci values. For the
personality data set from Del Giudice, Booth, and Irwing
(2012), H = .95 (EPV = .11) while H2 = .90 (EPV2 = .16).
After removing the “sensitivity” factor from the analysis,
H = .80 (EPV = .25) while H2 = .76 (EPV2 = .30). For
the brain anatomy data discussed in Del Giudice et al.
(2016), H ranges from .44 to .70 (EPV from .36 to .58); the
corresponding values of H2 range from .32 to .58 (EPV2
from .47 to .71). In these examples, H2 does not dramatically change the picture, but it does suggest a somewhat more homogeneous contribution than indicated
by H.
While coefficient H2 improves on the original H, both
have limitations owing to their reliance on the C partition.
In particular, Ci = 0 whenever di = 0; however, a variable
Xi may contribute to increase D even if di = 0, provided
that it has nonzero correlations with the other variables.
EPV2 = 1 −

In the two-variable case, it is easy to show that if di = 0
and r ̸= 0, then D2 > d 2j . Future research may show a
way to partition D2 so as to avoid this problem while
maintaining the desirable properties of C. The currently
available alternatives are not well suited for the task—for
example, the partitioning method recently proposed by
Garthwaite and Koch (2016) avoids the problem of negative values, but fails to identify cases in which one of the
variables makes no contribution to D (in the two-variable
case, when d2 = rd1 or d2 = d1 /r). At present, H2 offers
a practical means to quantify heterogeneity and should
prove useful in a variety of applications.
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